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1. MiSaTaQuWa force for radiation reaction
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Energy-momentum of a point particle
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Linear perturbation in μ
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or ~sψ(            a component of Weyl tensor)

Master variable ζ:



Waveform at infinity.

dE/dt|GW ,  dLz /dt|GW , etc.

From ζ , we can calculate:

the orbit deviates from a geodesic on  g(0)

How can we incorporate this deviation?
Use dE/dt & dLz /dt to determine the evolution of
the orbital parameters. 

Evaluate self-force from hμν acting on the particle.
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But, this cannot predict the 
phase shift in orbit

We need to evaluate
dC/dt in the Kerr case.
C = Carter constant



Self-force problem
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• self-force (back-reaction) in a curved background:
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singular !

For point particle,

~ geodesic eq. on g(0)+ h



Breakdown of perturbation theory ?

Yes! & No!

• Yes, because a point particle is ill-defined in GR.
Mass is non-renormalizable in GR

∃• No, because    regular exact solution (BH) in GR.
Mass renormalization is unnecessary
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cf. EM theory: 

point particle exists            mass is renormalizable

: two parameters to tune the limit
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Matched Asymptotic Expansion

Namely, in GR:

Identify the point particle with a BH solution of mass μ

Embed the BH geometry in the linearly perturbed

metric : matching at |x-z(τ)|>>Gμ

X singular horizon

Thorne & Hartle (’84)



Simplest example
Consider a point particle in the flat background
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In the rest frame { X a } of the particle:
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This is just the Newtonian part of the Schwarzschild metric.

Thus a Schwarzschild BH of mass μ can be naturally
matched to                            atμνμνμν hgg += )(0 μG|X| >> 

EOM unchanged.  No self-force correction to all orders in Gμ

background geodesic 
eq.



curvature
scattering
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Hadamard decomposition of G(ret) in harmonic (Lorenz) gauge 
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: direct part
: tail part

: world interval between x and z
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Matched asymptotic expansion
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‘MiSaTaQuWa’ force:   (named by Eric Poisson) 
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Regularized Gravitational Self-force

Mino, Sasaki and Tanaka (’97), Quinn and Wald (‘99)

Regularized self-force is determined by the tail part 
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Detweiler - Whiting’s  S-R decomposition
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(0) Rg hμν μν+EOM = geodesic on solution of (linearized)   
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2. Adiabatic approximation 
Constants of motion for geodesics in Kerr

← definition of Killing tensor



How can we evaluate dQ/dt ?

Radiation reaction to the Carter constant

Schwarzschild “constants of motion” E, Li ⇔ Killing vector

Conserved current for GW corresponding to Killing vector exists.  

gwE E= −

Kerr conserved quantities E, Lz ⇔ Killing vector

×

In total, conservation law holds.
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At lowest order, the trajectory is given by a 
geodesic specified by E, Lz, Q (Carter const.).

We evaluate backreaction to E, Lz, Q by using 
radiative field rather than R field.
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For E and Lz the results are consistent with the balance 
argument. (shown by Gal’tsov ‘82)

For Q, it was proved that the use of the radiative field gives 
the correct long time average. (shown by Mino ‘03)
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•Radiative field does not have divergence at the 
location of the particle.

GPS (Geodesic Preserving Symmetry) transformation

  constants,tc cφ

Key: under a transformation

every geodesic is transformed into itself

Mino, PRD67:084027 (2003)
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GPS transformation:

For a given bounded geodesic, one can find a point at which 
dr/dt = dθ/dt =0, unless the r and θ periods are commensurable.

Set t =φ =0 at this point. 
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dQ/dt formula
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Similarity between expressions for 

dE/dt and dQ/dt
• Energy loss can be also evaluated from the self-force.

• Formula obtained by the energy balance argument:

• dQ/dt has a similar formula
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Further simplification

• A remarkable property of the Kerr geodesic equation
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Final expression for dQ/dt
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This expression is as easy to evaluate as dE/dt and dL/dt.

Analytic evaluation of dE/dt, dL/dt and dQ/dt
for generic orbits has been done (Ganz et al., in prep.)

Sago, Tanaka, Hikida & Nakano (’05)
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Summary
• BH perturbation is a useful tool to investigate EMRIs.

• MiSaTaQuWa force describes local gravitational reaction 
to an orbiting particle, but its explicit evaluation seems 
very difficult to do.

• Under adiabatic approximation, rate of change of energy, 
angular momentum and Carter constant can be 
evaluated by GW amplitudes at infinity and horizon.
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