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Introduction

Motivation

@ black-hole binary systems = important source of GW de-
tectable by LISA (or Virgo)

In particular

e in-spiral and coalescence of massive black holes
o extreme mass-ratio in-spiraling (EMRI) events

e in-spiral of stellar black holes (— Virgo — LIGO)

@ matter accretion of black holes in their lives
< increasing of the spin i.e. intrinsic angular momentum

model for the in-spiral of a spinning black-hole compact binary
needed: continuation of a work by Tagoshi et al. and Owen et al.

[PRD 63 (2001), PRD 57 (1998)]
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Introduction

The post-Newtonian scheme

@ post-Newtonian approximation for a in-spiraling binary of
typical mass m and typical separation rio ~ L

2
. . v Gm
e weak fields and velocities: s ~ T2 <1 Newt.
700 y Tii T0i . quant.
o weak stress: o = 7—’2— oi=—,05=T"
c c

post-Newtonian expansion

perturbative expansion of the metric in powers of
1/?<1(for G=m=L=1)
Notation: IPN = order 1/c?

@ domain of validity
L/X ~ v/c — existence of a near zone Dyear Of typical size D

with negligible GW-propagation effects
= r=|x| < Ain Dpear

G. Faye, L. Blanchet, A. Buonanno Higher-order spin effects in the dynamics of compact binaries



Introduction

Application to the computation of the orbital phase

@ Specialization to binary in-spiraling systems
e consequence of GW radiation a few 1000’s of cycles before the
coalescence

@ motion ~ circular with orbital frequency w
@ binding energy E \, = w /" and r \, (Kepler law)

e for r 2 10m (say), PN approximation valid

adiabatic in-spiral

nearly circular orbits with E *\, adiabatically according to
dE/dt = - (GW flux L) in the PN regime

precessional correction

@ resulting strategy in the computation of ®gw = 2¢or. T 0Pcw

E(w), L(w) PN scheme = — = = QPorb.
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Spinning particles in the post-Newtonian approximation of GR

A point-particle model

up to very high PN orders, in the absence of the spin

compact objects = point-particles + self-field elimination by di-
mensional regularization procedure

3 justifications
@ general arguments showing that tidal effects appear at 5PN
@ agreement of the equations of motion for a compact binary
with those obtained in the extended-body approach by Itoh

@ Brill-Lindquist initial solution for two black holes recovered by
means of point-particles

up to 2PN, Hadamard regularization sufficient

o self-field singularities near body 1 at position y; removed

@ angular average over n; = (x — y1)/|x — y1| performed

@ limit p = |x —y1| — 0 taken
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Spinning particles in the post-Newtonian approximation of GR

Notation
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Spinning particles in the post-Newtonian approximation of GR

Spin modeling |

definition: spin tensor for a test particle

anti-symmetric 4-tensor parameterizing the dipole of the
stress-energy tensor

=

part. 4-velocity krt momentum detg,“, at yp part. spin tensor

—CZ u ol 06( yA) _yv <Sp(u %) 05( A))]

nv

plx and S4” chosen consistently so that = c(plyux — pauly)

— still arbitrariness in the definition of S}”

introduction of spin supplementary conditions (SSC)
Skpp =0 = dual of S}”of the form S&p4
A
S uy=0
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Spinning particles in the post-Newtonian approximation of GR

Spin modeling I

Consequences:
noA
® php; = —mjC

@ spin entirely encoded by a 3-vector 5;4 = gU-Si\

physical interpretation for extended bodies

[Bailey & Israel, Ann.
Phys. 130 (1980)]

present model

. y = test spinning
un
Y / ({y V}’ {o V}) particle model +
y*({y"},{e"}) Hadamard reg.
— ga=reg. of g
at ya
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Spinning particles in the post-Newtonian approximation of GR

Spin modeling IlI

Bodies with extension < inverse curvature: TH¥ action as a distri-
bution simplified

/ AT () () / AT (x) B (x)

with TV = / drfv v [zﬂvul...w 3 (x—y(r)
skeleton BV opy —
=0 V-8

. . lll/ _
constraints of conservation V,, T} i on = 0

relations between the momenta and the 4-velocity u* = dx*/dt

for ¢ <1 — T on = Stress-energy of a point-like object with spin
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Spinning particles in the post-Newtonian approximation of GR

Spin scaling

© Orders of magnitude
S~ ‘xobject X pspin’ g Mrvspin = (Gm2/c)[rc2/(Gm)](VSPiﬂ/C)

for a compact object rc?/(Gm) ~ 1 Notation:
i
o fast rot. = vgpin/c ~ 1 S~ Gm?/c=0(1/c) g\ii
¢ A (real)

o slow rot. = vgpin/c <1 S ~ Gm?vepin/c? = O(1/c?)

@ Dominant spin effects on the dynamics
acceleration SO: (G82r1_21)eLeV; Civita¥BSa/c® — 1.5PN
acceleration SS: oc (Gn1a/r2,)S15x(n12m2)/(mac*) — 2PN

to be computed at 2.5PN

first corrections of SO interactions
SS terms ignored (already known at 2PN)
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

Newtonian metric in the near zone |

Perturpative calculation

in the near zone Dpe,r Metric searched under the form of a PN
. _ (m) / _m

eXpansion gy = 3 = mo () 8uv /€

Main steps of the general algorithm
@ Starting point: Einstein equations in harmonic coordinates
(with hHV = \/—gg“‘l{ — M) flat metric

D hlul/ 167TG inverse metric

gl T + N (h, ), 8,h" =0

@ lterative computation of the metric

e solving of Einstein equations at order m with D;zl *ZEN ret. int.

o replacement of hin A*¥(h, h) at order m+ 2 — /\( (h, h)
e passing over to next order

m-+2)
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

Post-Newtonian metric in the near zone |l

2 2 8 [« V3 1
goo=—1+§V—?V2+ [X+V;V,~+6]+(9<>

6 c8
4 8 -~ 1
g0i=—c3\/i—C5Ri+0<C7>
2 2 5 4 . 1
gij:(sij<1+<:2v+d1v>+c:“mj+0<c:6>

Vv,V W,J R, X hierarchy of retarded potentials

example: 2 typical potentials

1
V = 0%} (~4760) = ~Onews. + O( 5 )

) 3
Ri=0!| = 4w G(Vo; = Vio) = 20V, Vi — 50:V), v}
A A

compact sourge quad. source
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

Explicit evaluation of the potentials at a given order |

© Expansion of the retardations of D;;S in powers of 1/c
«— performable as if the source S were compact at 2.5PN

@ computation of [ d®x" |x — x/|"71S(X/, t)
e potentials with compact source: obtained from the formulas
/d3x F(x,t)0(x —ya) = (F)a (monopoles)

/ Px F(x, )0,6(x — ya) = —(0,F)a+ 00(F)a  (dipoles)

e potentials with quadratic source: obtained by means of the
kernel g = In(ry + r2 + r2) such that Ag =1/(nnr)
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

Explicit evaluation of the potentials at a given order |l

Poisson integral of 9y V9; Vi

o explicit expression of the source

K
1 1
G* ey *né 51’ + G*moeim Ok (*) Oim <*> 5{ +1<2
G r n

e rewriting of the self and interaction terms using 9;r{ = —01ir?
_ — _ —il _
n'f/r15 = 81k(4rf) L and 8“’2 18;mr1 1= —agkr2 81,-,,,r1 L

o computation of the elementary Poisson integrals A~'r;* = r;2/2 and
A7 (nr)™! = g + const

© Derivation of g, and T#” needed for the next order
+ evolution equations for elimination of higher order 9;'s

@ lteration of the whole procedure
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

2.5PN equations of motion and precession equations

Papapetrou equations neglecting SS interactions

@ equations of motion < integral form of V, T =0

Du*

Ap v 2
mACTTA 25 U AV)\p+O(S /C )

deviation from the geodesic motion due to SO interaction

e equations of precession « SSC & link pl;/Sh”

DS,
cdta (52/C )
A \ parallel transport of the spin tensor

PN equations for a self-gravitating system derived in 3 steps

@ insertion of the 2PN metric in the Papapetrou equations at x

o Hadamard regularization at yx

@ elimination of higher order d/dt — v = aa(ri2,n12,vE,SpB)
idem for Sp
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

Conserved quantities

computation of the binding energy E

© gravitational radiation switched off
@ E decomposed as the sum of Eypn + E(5)so/c5

e Eopy including the 1.5PN SO interactions already known
SS contributions ignored
o E(s5)50 searched under the form

V4 V2 V1V;
Es)so = (51, mo, V1)(a§ l)v{1 + all( ! 2)V12(V1V2) +...)/r2

+ all other terms hom. to S;v°/r & invariant
under trans./rot./parity + 1 <> 2

© dE/dt imposed to be 0
— coefficients « determined uniquely

Similar computation for linear momentum P, angular momentum
J=L+(51+9S3)/cand G/ dG/dt =P
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Post-Newtonian metric and potentials
Near-zone dynamics Equations of motion and conserved quantities

Reduction to circular motion

4 impossibility of rigorously circular motion for spinning binaries 4

in CM L o nyp x (v1 — vp) L orbital plane
Sa precession about J = precession of L =J — S;/c —Sy/c
precession of the orbital plane

definition of a circular-like motion

@ np =r =cst

e ( component (aJ) responsible for the precession ) = 0

Reduction to circular motion in 3 steps
@ CM frame imposed by G = myy; + mays + ... = O(1/c°)
— investigation on relative motion sufficient
Notation: x =y; —y2, N =X/r, v=v; — v
@ (nv) taken to be zero
© v? replaced by its value as a function of r using the EOM
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Gravitational-wave energy flux
Results

Far-zone dynamics

Radiative metric and GW flux

o Gravitational wave-form in the radiative zone R > A
gauge invariance of the TT part of dg,,, at rad. future inf. ZF

first term of the multipole expansion of the form

T 4G =1
hij (X, T): C4RPUab(N)Z /— 2£| N ng 2Uabi1...ig_2

ok
c(20+1)

NeNiy...Ni,_y€cd(a Vb)il...igz}(T — R/c)

, = radiative multipole moments

I’gv

@ Flux expression ( / electromagnetism)

c TTa 7T
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Gravitational-wave energy flux
Results

Far-zone dynamics

Link with the source multipole moments

qualitative definition

set of multipole moments /;;_j,, Ji,..i, parameterizing the vacuum
linear metric in harmonic gauge

consequences

@ far-zone h*¥ obtained by solving iteratively post-linear EE
= b =S G”h?ny) parametrized by I, j,,
Ji...i, and some gauge transformation

@ link between U;,._j,, Vi . i, and the source multipole moments
o relation between /;,_j,, Ji,..i, and the source |g| T + AW

known (asymptotic matching)

implications for computing the SO terms at 2.5PN

sufficient to compute (IU)ggPN, (J,'j)%_%pN, (/ijk)‘;’%pNy (Jiik)35pN

wn
.|
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Gravitational-wave energy flux
Results
Far-zone dynamics

Approximate expression of the source multipole moments

Symmetric and Trace-Free (STF) part of x;x;

=
Il
)
v}
—
Q
w
x
x
X
e
™M
+

1 . 1
Tac —Xx[P T+ Soace i x|* %
1

" < 10 5
,@X,-jk i — 189¢ 4X,Jk\ | S+ Bac 4Xuklzk/}+0<g)

1 .. 5 ) 1
_ 3 2 .
Ji = EP an(i /d [ { aXb+ 5 Ra X7 s = oo Kac Zbc} +0 <?4>

° Z/,Ll/ = zyu[aaﬂv Va \/17 VVU7 Ria),\(]
e Source regularized by inserting a kernel [x|B, B € C
Integral over source = some function of B, /(B) extended by
analytic continuation

Definition

FPg_ol(B) = limit B — 0 of the non polar part of /(B)

— cure of the divergences at infinity
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Gravitational-wave energy flux
Results
Far-zone dynamics

Spin terms in the source quadrupole moments |

@ Source with compact support: computed by using the
properties of 6(x —ya), 0,0(x —ya)

@ Source with quadratic support: obtained by means of the
elementary integral

1 . )
Yi(y1,y2) = —FP/d3X|X’BSTFi1...i£X'1---X"“’/(flrz)

r2 j
=STFa. mey VT
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Gravitational-wave energy flux
Results
Far-zone dynamics

Spin terms in the source quadrupole moments Il

Working on the source

e expression of the source simplified by integration by part
«— surface terms discarded with great care

e explicit expression of source pieces of the form )’%La,-__rl_lajmrz_l

o rewriting of the interaction terms using 9;rf = —0q;r7

o FP regularization — possibility of permuting [ and 4,
— result expressed solely in terms of the function Y|

Typical result

NC Gmy m m 1
g,f = o €k1(i{—€kmn51 ?k?/nyj>k+slmnsl ?k?knyj)k}+1‘—>2+o(g)
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Gravitational-wave energy flux
Results
Far-zone dynamics

Flux and energy as a function of w

@ absence of non-linear effects —
G (1. .. 171 . 16... ... ik J ijk
£:C5{I,‘jl,‘j+c2|:189/:1kluk+ JUJU] T84t

+ terms not contributing to the spins at 2.5PN order

after reduction to the center of mass for circular orbits
w=uw(r)and L= L(r) known — L = L(x) with
x = (Gmw/c%)?/3

e w=uw(r)and E = E(r) known — E = E(x)

result dependence

total mass m, mass difference dm, v = 1/ m, x, the total spin S,
>~ = m(Sz/my —S1/m)
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Gravitational-wave energy flux
Results
Far-zone dynamics

Results for £(x), E(x), and w

(-3 R) (- F e - R+ oS s e

+ 2m2 [(137 %V)SZ + (5 — §I/>6;mzz] +O(%>}
32¢5 1247 35

44711 9271 65
_2c% 5.2 e i 3/2 2 Jer s 02
= 1 — — 4
56" ”{ +x( 336 12,,)+ w42~ 9072 " 504~ 18”>

v
672 24

+7rx5/2< 8191 583) x3/2 548m ]

—45, -2y,
G m? [ 4 m
25/2

el ) G- B e ro(3)}

m

w:95—61/)(5/2{1+x<7ﬂ37211>+47rx3/2+xz(34103 13661 59 2)

w2 336 4 18142~ 2016 © T 187
3/2 F)
oo 2 i
. 25:2 [ R R +0(C16)}
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Gravitational-wave energy flux

Results
Far-zone dynamics

Relevance of the SO effects at 2.5PN order |

Table: Post-Newtonian contributions to the number of GW cycles
accumulated from wyin = m X 10Hz to winax = wisco = 1/(6%/% m) for
binaries detectable by LIGO and Virgo. For comparison, we add the
contributions of spin-spin terms at 2PN order and non-spin terms at 3PN
and 3.5PN orders
Notation: $; = Gm%xl, K1 = (SlL)/L, 51525 = (5152)

l [ (10+ 1.4)Mg (10 + 10)Mg
Newtonian 3577 601
1PN +213 +59.3
1.5PN —181 4+ 114 k1 x1 + 11.8 k2 X2 —51.4 +16.0x1 x1 + 16.0 k2 X2
2PN 4+9.8 —4.4Kk1 ko x1 X2+ 1.5&x1 X2 4+4.1—-33k1kax1x2+ 1.1&x1 X2
2.5PN —20432.7k1 x1 +3.2K2 X2 —7.14+6.0Kk1 x1 + 6.0K2 X2
3PN +2.3 +2.2
3.5PN —1.8 —0.8
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Gravitational-wave energy flux
Results
Far-zone dynamics

Relevance of the SO effects at 2.5PN order |l

Table: post-Newtonian contributions to the number of GW cycles
accumulated until wyax = wisco over one year of integration, for
binaries detectable by LISA

Notation: S; = Gm%xl, K1 = (51L)/L, 51525 = (5152)

[ [ (10 4- 10%) Mg [ (10° 4 10°) M

Newt. 2267 4985

1PN +134 +281

1.5PN —92.4 4 28.8 k1 X1 + 28.8 K2 X2 —243 + 161 k1 x1 + 11.5 K2 x2
2PN 6.0—-48r1rax1x2+17Ex1x2 | 125 —4.4 K1 ko x1x2 +1.5EXx1 X2
2.5PN —9.04+7.6Kk1 x1+ 7.6K2 X2 —26.5 4+ 44.8k1 x1 +3.0Kk2 x2
3PN +2.3 +2.3

3.5PN —0.9 —2.3

Consequences

data analysis with SO corrections at 2.5PN needed
for some mass configurations: SS effects at 2PN < SO at 2.5PN
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Gravitational-wave energy flux
Results

Far-zone dynamics

Spin variables with constant magnitude

Existence of a SSC
arbitrariness in the spin definition

= possibility to redefine the spin : chosen such that S? = const

Consequences

° S{ = Sl—i—% [—é(vlsl)vl—i— ngsl} +2PN corrections+(9<c—15)

r;

@ new orbital momentum L€ =J — S§/c — S§/c
@ precession equations of the form

dS§ dSs$
T;:QIXSE Tf:QQXSE
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Gravitational-wave ener,
Results
Far-zone dynamics

Conclusion

@ GW phase obtained by
@ Integration of the system giving dw/dt, dS{/dt, dS5/dt
@ addition of the well-known precessional correction
@ Use of spins with constant magnitude recommended
+ equivalence with the template space built with waveforms
involving the variables S; and S»
@ Crude estimation suggests the importance of the SO terms in
the 2.5PN phase

@ Seems that spins can be determined rather accurately with
the 2.5PN corrections
v loses accu raCy [Arun, Buonanno, F., Ochsner, in progress]|

Open issues: non linear spin effects, 2.5 amplitudes with spins, ...

G. Faye, L. Blanchet, A. Buonanno Higher-order spin effects in the dynamics of compact binaries



	Introduction
	Spinning particles in the post-Newtonian approximation of GR
	Near-zone dynamics
	Post-Newtonian metric and potentials
	Equations of motion and conserved quantities

	Far-zone dynamics
	Gravitational-wave energy flux
	Results


